We summarize some recent results on the BRST analysis of physical states of 2D gravity coupled to c ≤ 1 conformal matter and the supersymmetric generalization. 
Introduction
If the continuum theory of 2D gravity can be developed to the level achieved by matrix models, the combined approaches are expected to provide great insights into generally covariant quantum systems -one of particular interest being the critical "2D string." A further benefit would be progress in 2D supergravity models, where matrix models seem difficult to apply. The continuum theory in the conformal gauge [1,2] has already had some success, in particular the computation of the spectrum of physical states employing a BRST analysis [3] , as we will review here along the lines of [4] . One of the new results presented in this paper is the extension of these calculations to N = 1 supergravity models. Another is the result for representations on the boundary of the Kac table in a given Virasoro minimal model coupled to gravity. There is a large literature discussing BRST cohomology and/or 2D gravity which has greatly influenced the material presented here. Due to space limitation we must refer the reader to [4] for a more complete account of these references.
Mathematically, the problem is that of computing the cohomology of the BRST
on the tensor product L M ⊗F L ⊗F G of modules of the Virasoro algebra (see e.g. [3] ).
Here, representing the matter sector, L M is an irreducible highest weight module Any irreducible highest weight module of the Virasoro algebra admits a resolution in terms of Feigin-Fuchs modules [5, 6] . Thus we may first compute the BRST cohomology of a product of two Feigin-Fuchs modules and then use a suitable resolution to project from the free field Fock space onto the irreducible representation in the matter sector. For the c M = 1 string the second step is of course unnecessary.
It is particularly interesting, as discussed above, to study this problem in the supersymmetric category. One then considers the BRST cohomology of a superVirasoro matter module coupled to a super-Liouville system. This paper is organized as follows. In Section 2 we briefly summarize the results of [7, 4] on the BRST cohomology of a product of two Feigin-Fuchs modules, and discuss explicit representatives of this cohomology in the case c M = 1. Then, in Section 3, we use recently constructed resolutions to determine the cohomology for all matter modules with c M ≤ 1. Finally, in Section 4 we give several new results for 2D supergravity coupled to superconformal matter.
The cohomology of two Feigin-Fuchs modules
The Feigin-Fuchs module F (p, Q) is the Fock space of a scalar field, φ(z), with a background charge Q and momentum p. We take (see [4] 
: ∂φ(z)∂φ(z) : +iQ∂ 2 φ(z). The Fock space F (p, Q) has vacuum |p , α 0 |p = p|p . As a Virasoro module, F (p, Q) has central charge c = 1 − 12Q 2 and conformal dimension ∆(p) = 1 2 p(p − 2Q). We will distinguish between the Liouville and matter fields by writing superscripts L and M respectively.
We will study the cohomology of the BRST operator (1.1) on 
Clearly, at this point the free parameters in the problem are α + (or, equivalently, α − ) determined by the background charges, and the momenta p M and p L . Let us parametrize the latter in terms of r, s ∈ I C as follows
The BRST operator can be expanded into the ghost zero modes, 
, as opposed to the absolute cohomology which refers to the entire space. We will denote them by H ( * )
abs (·, d), respectively. In [4] (see also [7] ) we proved the following theorem which summarizes all possible cases with nontrivial relative cohomology. 
In case i) the cohomology state is at level zero, i.e. it is just the vacuum, and the conformal dimensions of two Fock spaces satisfy ∆(p
The states corresponding to cases ii) and iii) are called discrete [8, 9] , and their level is equal to rs. Finally, we observe that in these two cases both F M and F L are reducible Virasoro modules [10, 7] .
The absolute cohomology is given by
More explicitly, each representative ψ of the relative cohomology gives rise to two states ψ and c 0 ψ − χ in the absolute cohomology, with χ satisfying M ψ = dχ.
To reveal the physical consequences of the above cohomology it is important to construct explicit representatives, which is a nontrivial problem for cases ii) and iii). A particularly interesting case, which we consider here, is c M = 1 (i.e. α + = −α − = 1), where the operator cohomology with (r, s) = (−1, −2) and (
) generate a characteristic ring for the theory [11] . Further, the
) with r, s ∈ Z Z − are associated to symmetry currents which preserve this ring.
The matter Fock space for c M = 1 decomposes into a direct sum of irreducible Virasoro modules, F (
. Moreover, the submodules obtained by restricting this sum to ℓ ≥ l 0 ≥ 0 are isomorphic with
It is also clear, as one can verify using the direct sum decomposition of both matter Fock spaces, that the extension of (V M ) k to an embedding of F (
This observation can be put to use as follows. To obtain (gh) = 0 representatives for case ii) say, we may take k = s so that s k = 0. By Theorem 2.1 i) the cohomology of F (
which is then mapped into a singular vector in F (
case iii) we take k = −r so that r k = 0 and proceed in the same way. Finally, the construction of the other ghost number representatives for cases ii) and iii) is similarly reduced to finding them for s k = 1, r k ∈ Z Z + , and r k = −1, s k ∈ Z Z − , respectively. This is quite easy to accomplish.
Before we state the result, let us recall that the elementary Schur polynomials
and for convenience we put S k (x) = 0 for k < 0. To any partition (Young tableau) λ = {λ 1 ≥ λ 2 ≥ . . .} we then associate a Schur polynomial ii) For r, s ∈ Z Z + :
iii) For r, s ∈ Z Z − :
, and S λ 1 ,λ 2 ,... (x) are the Schur polynomials with argument
For ghost number zero these explicit formulae for the physical states, or the simplest examples, were known to many people (see e.g. [8, 12, 13] ) and can be traced back to [14, 15] . For (gh) = ±1 with low values of r and s examples are given in [11] . In case ii) one can also write down explicit representatives in terms of Schur polynomials of the light-cone oscillators α + n only [4] , but we do not know of a comparably succinct representation in case iii).
Representatives of the cohomology H
obtained from the c M = 1 representatives by making use of the SO(2, I C) symmetry of [16, 7] .
It is interesting to observe that the pairing of discrete states for c M = 1, which causes their cancellation in the character [17] , can be understood from the existence of a "supersymmetry-like" operator [d, iφ
Clearly, this operator maps between the (absolute) cohomolgies of d, and it can be shown that its zero mode indeed acts nontrivially.
BRST cohomology of highest weight irreducible modules
The projection onto L(∆ M , c M ) in the matter sector can be implemented by a suitable resolution. Using the results of Feigin and Fuchs on the submodule structure of the Fock space modules [10] , one can show that for any irreducible highest weight module L(∆, c) there exists a complex of Feigin-Fuchs modules (
with cohomology 
, with two commuting differentials δ and d, and the corresponding grading by the degree in the resolution and the ghost number. The crucial observation of [4] is firstly that, since
, one has a choice between a given resolution or its dual. Then, by explicit examination one always finds that, given p L , there is a choice of resolution such that, when p M ranges over the momenta of all Fock spaces in that complex, (2.1) has no solution for integral r and s with rs > 0. Then it follows that the BRST cohomology of
is nontrivial for at at most one degree n, say n = n 0 , where it is given by case i) of Theorem 2.1. 1 A standard argument for double complexes [20] then gives
We can summarize the complete result as follows.
Theorem 3.1. For any highest weight irreducible module, the relative BRST cohomology of L(∆
For the BPZ minimal models (i.e. modules in the interior of the Kac table) this theorem has first been proven by a somewhat different method in [3] , and then rederived as above in [4] .
Let us illustrate our method in the simple example of a representation corresponding to the boundary of the Kac table. In this case 
Given p L , integers r and s in (2.1) are only determined up to r → r + tp and
by inspection that -even with this ambiguity -in one of the resolutions (3.2) or (3.3) the p M obtained from (2.1) for rs > 0 never appear, just as we have claimed above. Finally, one should note that whereas the corresponding Verma module has infinitely many singular vectors, by Theorem 3.1 the discrete states arise in only three ghost numbers. Strikingly different than for the modules in the interior of the Kac table! 1 By the remark after Theorem 2.1 this is clearly true when
The super extension
The results of the previous sections can be generalized to 2D supergravity coupled toĉ ≤ 1 superconformal matter (for the critical superstring see [21, 22] ). In this case we deal with a Fock space F s (p, Q) of a scalar field φ(z) and a fermionic field ψ(z), labelled by the scalar zero mode p and background charge Q as in Section 2. The generators of the N = 1 superconformal algebra are given by [23] T (z) = − 1 2
: ∂φ∂φ : 
In this case, nilpotency requiresĉ
we give the result for the relative cohomology of d on the Fock space 
Note that "discrete states" occur only if both F sM and F sL are reducible. They occur at the same level, namely rs 2 , as where the null vector in these modules occurs.
As in the bosonic case [4] the proof can be given by examining the spectral sequence associated to the filtered complex obtained by assigning the degree equal +1 to the oscillators α + n , c n , ψ + r , γ r and −1 to α − n , b n , ψ − r , β r , respectively. In the NS sector, contrary to the bosonic case, the spectral sequence does not always collapse after the first term (i.e. the cohomology of the lowest degree differential d 0 is not always concentrated in a single degree), and one has to calculate also the second term, which then yields the final result. In the R sector there is an additional complication due to the fact that G 0 does not act reducibly on
. This is resolved by introducing "rotated" oscillators -exactly as in [24] for the critical string but without the exponential rescaling -which effectively diagonalize G 0 in a subspace of
One can show that this subspace contains all states annihilated by G 0 , and in terms of these new oscillators the cohomology computation is parallel to that in the NS sector. Explicit representatives of the cohomology can be given in terms of "super Schur polynomials", and the physical states are paired by the action of the zero mode of the operator [d, iφ
. Details will appear elsewhere. Finally,ĉ < 1 super minimal models are parametrized by [25, 23, 26] c(p, p
(1 − 2κ), ((ℓ ± 2np)α + + ℓ ′ α − ) for n even , 
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Note added: While preparing this paper we received [27] in which Theorem 4.1 is also presented. The proof given there for the NS sector is exactly as we discussed above. However, since d 2 = 0 on the L 0 = 0 subspace of the R sector ( d = d R in
